In alloy thermodynamics, stochastically disordered state (SDS), where each lattice point is stochastically occupied by constituents according to given composition, is typically referred to investigating physical properties for homogeneously substitutional state: The so-called special quasirandom structure (SQS) of a single microscopic structure, that mimics multisite correlation function for SDS, is amply, widely used for bulk, surface, interface and nano-cluster properties. Despite the widely-used concept for SDS, it has not been clear whether the SDS should conform to configurationally disordered state (CDS) for discrete system, i.e., average over all possible configuration. Here we quantitatively discuss the difference between SDS and CDS for multisite correlation, and show the condition where SDS conforms to CDS. The results show that when practical system size contains below ∼ 100, 000 atoms, differences in multisite correlation between SDS and CDS remains few percent depending on the geometry of lattice as well as of figure, indicating that SQS for subsystem of surface and interface, and for isolated clusters, should be carefully applied to investigate high-temperature properties as CDS.
I. INTRODUCTION
In alloy thermodynamics, expectation value of dynamical variables (e.g., internal energy, vibrational free energy and elastic modulus) in equilibrium state at given composition is typically given by the canonical average,
where summation is taken over possible microscopic states on configuration space, and Z denotes partition function. Since the number of microscopic states exponentially increases with increase of system size, exact estimation of macroscopic property is typically far from practical. Therefore, variety of theoretical approaches has been developed to effectively sample important states for macroscopic property, including Metropolis algorithm, entropic sampling and Wang-Landau sampling.
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An alternative approach has been proposed to investigate the properties at homogeneously substitutional state (i.e., there is no short-or long-range order), where corresponding disordered state is mimicked by a single microscopic state, spesial quasirandom structure (SQS). 5 SQS has been widely used for investigating bulk, surface, interface and nano-cluster properties refered as homogeneous substitutional state, corresponding to configurationally disordered state (CDS), while the concept of SQS is based on stochastically disordered state (SDS), i.e., its multisite correlation is determined where each lattice point is occupied according to given probability for composition. Although the difference between CDS and SDS is expected to be negligible at thermodynamic limit of system size N → ∞, it is unclear whether application of SQS to mimic homogeneous state for practical finite-size system, or locally-equilibrium sub-system including surface and interface, is justified: It has not been clarified to what extent SQS should conform to CDS in terms of the system size and of geometry for underlying lattice and considered figure. Here we theoretically demonstrate that for classical discrete system on periodic lattice under constant composition, how SQS (or SDS) exactly differs from CDS, and the condition where SDS conforms to CDS. The details are shown below.
II. DERIVATION AND DISCUSSIONS
We first individually define the correlation function for SDS (or SQS) and CDS for A(1 − x)B x binary system. We employ generalized Ising model 7 (GIM) to quantitatively describe all possible atomic configuration, where its basis function for mbody figure c is given by the linear average of spin product contains in the figure:
where σ i = +1 (-1) when site i is occupied by A (B) atom. With this definition, on-site correlation (i.e., figure has a single lattice point) can be relates to the composition x, φ o = 1 − 2x. Therefore, multisite correlation function of m-body figure for SQS can be simply given by
corresponding to independent, random occupation of each lattice point according to given composition, x. Meanwhile, multisite correlation function for CDS is not trivially estimated, since it is a linearly-averaged value over all microscopic states on configuration space under given system size, N. Our recent study provides exact estimation of multisite correlation function for CDS, given by 8
where k denotes the number of B atoms in one of the figure c (1), m C k denotes the number of cases where m lattice points of c (1) are occupied by m − k A and k B atoms, and the rest term N−m C xN−k of cases where rest lattice points by rest atoms. Based on binomial theorem, it is straightforward to take thermodynamic limit:
which ensures the use of SQS based on SDS as mimic of CDS for ideally infinite system. To quantitatively see the difference between SDS and CDS, we show in Fig. 1 when N increases, ∆φ tends to decrease to zero, whose magnitude depends on composition. However, since variance of configurational density of states (CDOS) along chosen pair also decreases with incease of N, it is not clear from Eq. (5) or Fig. 1 whether ∆φ effectively decrease in terms of decrease in the width of CDOS. Our recent study reveals exact expression for the 2nd-order moment of CDOS for any given figure in terms of N, x and geometry for the figure, 8 where for pairs, it is explicitly given by
where D c represent coordination number for figure c, and F (t) denotes number of possible diagrams consisting of two figures in class c in the system, where sum of number of odd-times shared lattice points is t. According to the equation, we can exactly determine the standard deviation of CDOS for figure c, std (φ c ) as
Figure 2 shows the value of log |∆φ | normalized by std (φ ), which intuitively corresponds to the measure of how SDS differs from CDS in terms of the variety of values of correlation function at given composition. It is clear from the figure that when log |∆φ | is normalized by std (φ ), composition dependence of its decreasing behavior in Fig. 1 is almost disappeared. Meanwhile, difference in SDS and CDS clearly depends on the coordination number (or more explicitly, number of figure c in the system), which is a monotonically-increasing function of D. Here, practically important points are (i) for a moderate system size of 1000 ≤ N ≤ 10000 typically found in treating alloy nanoparticles, locally-equilibrium region in subsystem including surface and interface, the difference in SDS and CDS still remains few percent for whole composition, and (ii) significant D-dependence severely enhance error in constructing CDS based on the concept of SDS especially 
for the system where coordination number depends on the spatial position, e.g., nanoclusters and bumpy surfaces with defects. For such systems, CDS should be constructed based on our derived expressions.
III. CONCLUSIONS
Difference in stochastically disordered state (SDS) and configurationally disordered state (CDS) for discrete system under constant composition is quantitatively investigated based on exact expression of 1-and 2-order moments for configurational density of states (CDOS). We show that although SDS conforms to CDS at thermodynamic limit for any composition, there remains non-negligible difference between SDS and CDS (above few percents) for a moderate system size of a several ten thouthands of atoms, whose deviation significantly depends on the geometry of the figure in the system. 
